This research presents a new turbulence generation method based on stochastic wavelets and tests various properties of the generated turbulence field in both the homogeneous and inhomogeneous cases. Numerical results indicate that turbulence fields can be generated with much smaller bases in comparison to synthetic Fourier methods while maintaining comparable accuracy. Adaptive generation of inhomogeneous turbulence is achieved by a scale reduction algorithm, which greatly reduces the computation cost and practically introduces no error. The generating formula issued in this research could be adjusted to generate fully inhomogeneous and anisotropic turbulence with given RANS data under divergencefree constraint, which was not achieved previously in similar research. Numerical examples shows that the generated homogeneous and inhomogeneous turbulence are in good agreement with the input data and theoretical results.
Introduction
Turbulence generation has been an important research topic in the study of fluid mechanics for decades. Prior to the emergence of direct numerical simulation (DNS) and large eddy simulation (LES) in fundamental turbulence research, an explicit synthesis scheme was constructed to study turbulence-related phenomena. Kraichnan [1] proposed a divergence-free synthesis method using random wavelets and applied it to diffusion and particle dispersion in homogeneous isotropic turbulence (HIT). Subsequent improvement and modification soon turned it into a viable tool for both theoretical research and acoustic-related computation [2, 3] . With the increase of computational power, DNS and LES became more practical and successfully enabled people to acquire greater insights into complex flow phenomena [4, 5] . Meanwhile, turbulence generation techniques were gradually modified to generate high-fidelity inlet 2. Methodology (a) Turbulence generation process ( 
i) Generation of static turbulence field
The model presented in this work provides a way for generating inhomogeneous stochastic turbulent velocity field based on RANS data. Previous research [14, 15] has suggested that the fluctuation velocity field could be expressed in the following form: u = A · (∇ × M), (2.1) where u = (u, v, w) denotes the fluctuation velocity. u is constructed in the manner of equation (2.1) so that the corresponding second-order momentum uu is equal to the Reynolds stress tensor.
A(x) corresponds to the Cholesky decomposition of the Reynolds stress tensor R(x) [14, 16] :
where A T denotes the transpose of A. Vector M = (M x , M y , M z ) is the vector potential field. The ∇ × M term is constructed to be divergence free as suggested in Shur et al. [14] . In Kim et al. [ the vector potential field was constructed using wavelet noise as described in Cook & DeRose [10] . Similarly M is decomposed into a sum of wavelet modes:
Here x p = (x p1 , x p2 , x p3 ) is the position of the wavelet basis in physical space, k = (k x1 , k x2 , k x3 ) is the wavenumber corresponding to the wavelet basis, as defined in Perrier et al. [17] , and K = {l 1 , l 2 , . . . , l M } is a series of magnitudes of the wavenumber vectors. For each l i , k is randomly chosen on a sphere of radius l i in the spectral space. This construction coincides with the nature of the energy spectrum function, i.e. E(l) is the turbulent kinetic energy (TKE) distributed on a sphere of radius l in the spectral space. x p is the location of N i randomly distributed wavelets. The number N i for each wavenumber l i is determined using the following expression deducted from uniformly distributed wavelets:
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where Ω represents the flow domain. ω x p ,b = (ω 1 x p ,b , ω 2 x p ,b , ω 3 x p ,b ) is a random vector series assumed to be normally distributed with the following statistics:
and
6)
Ψ (x) is the three-dimensional wavelet basis function constructed using the following tensorproduct formulation:
From the analytical result in Deriaz & Perrier [18] , Ψ k (x − x p ) in the above form might not be a complete basis of L 2 (R 3 ). However, the basis function above is chosen because of its localization in both physical and spectral space, which offers an appropriate tool for description and synthesis of turbulence [13] . Wavelet function of enough high order cancellation is chosen as one-dimensional wavelet function ψ(·):
the largest integer p satisfying this equality is the order of cancellation. As stated in Farge [13] and Perrier et al. [17] , the wavelet spectrum of a function approximates its Fourier spectrum at high frequency (wavenumber) as long as the wavelet function has enough high order cancellation. k 0 is the Fourier wavenumber of wavelet function where its Fourier spectrum reaches peak, i.e.
The wavelet function ψ(x) is localized in both physical and spectral space, which represents a local structure of the turbulent field with a certain bandwidth of wavenumbers. k 0 , as defined in equation ( way of generating uniformly distributed random rotations is from Stuelpnagel [19] , where a random rotation matrix is generated by setting
where a u , b u , c u , d u are the components of a unit quaterion:
corresponding to a random quaternion q = a + bi + cj + dk with coefficients a, b, c, d ∼ N(0, 1). q x p ,k is a series of normalized weights to maintain the local spectrum property of RANS data:
Here E(l) represents the local energy spectrum, which is a known function used as input. A variety of different spectrums can be used as the input spectrum to characterize multiscale features of the turbulence field. l is the difference between two neighbouring wavenumber magnitudes in K from equation (2.3). k t is the TKE with the following relation:
The coefficient c l is determined using a Monte Carlo method:
where the ensemble average · is performed on the random variable k. This ensemble average diverges without restriction on k. In real flow problems, flow domains with finite size can only contain wavelet modes with finitely large support; this prevents any component of k from approaching zero and removes the singularity in equation (2.12) . S = supp(Ψ k ) is the support set of the tensor-product basis function. It should be noted that depending on the choice of wavelet basis ψ(·), Ψ k may not be compactly supported, in which case S is the effective support set of function Ψ k in the numerical sense, which could be defined as follows:
where δ is a small positive number. The construction of the system using equations (2.1)-(2.4), (2.7), (2.10) coincides with the multi-scale and inhomogeneous nature of turbulence, which needs further explanation. It has been stated clearly in multiple literatures that wavelets are good tools for performing energy decomposition to find possible atoms in physical-spectral space [13, 20] . In equation (2.3), the velocity vector potential M is decomposed into a series of wavelet basis Ψ k (x − x p ) with its own characteristic wavenumber k and position x p . Each wavelet mode represents a vortex structure localized both around the position x p in physical space and the wavenumber k in spectral space. Each number of modes with different scales used in eddy synthesis often needs to be determined by experience and tests. Equation (2.4) gives a quantitative representation of the number of wavelet modes in this system, which comes from the density of wavelets used to completely cover each scale in wavelet theory [18, 22] . Intuitively speaking, equation (2.4) indicates that a turbulence field of larger size needs more wavelet modes to cover it. Also, there are much more small-scale structures with higher wavenumber than large-scale structures with lower wavenumber.
Many previous research approaches have constructed the multi-scale system of turbulence using a Fourier basis [2, 3] , and successfully simulated isotropic homogeneous turbulence from it. However, in general cases of anisotropic inhomogeneous turbulence, such a construction encounters serious problems. Since Fourier bases are global, covering the whole turbulence field, the construction procedure in Fung et al. [3] is not applicable for generation of turbulence with anisotropy and inhomogeneity. Billson et al. [23] , Shur et al. [14] modified a Fourierbased reconstruction system so that it could be used to generate inhomogeneous turbulence by multiplying each Fourier basis with a weighting function which quantifies the distribution of TKE on each scale locally. However, such a modification changes the properties of Fourier basis and causes aliasing between different wavenumbers. In this research, this problem is solved by using random wavelets which are local in both spectral space and physical space rather than a random Fourier basis.
(ii) Generation of dynamic turbulence field
For high Reynolds number turbulence, structures of large and small scales might behave differently according to their own kinematic and dynamic properties; accordingly, they need to be dealt with differently [3, 24, 25] . Large scale contains most of TKE of the whole turbulence field, while small scale includes inertial subrange and viscous subrange. The separation of large and small scales can be achieved by introducing a cut-off wavenumber k c . However, previous research on turbulence generation indicates that such k c might be difficult to determine a priori. Here, k c is determined with the following relation:
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where k e is the wavenumber where the maximum energy spectrum occurs. The magnitudes of wavenumbers in K in equation (2.3) can be separated into large scales and small scales. For large scales, time advance is achieved by advection induced by the mean velocity field U computed from the RANS model and a random Gaussian advective velocity W k [3, 21] :
where x 0 is the initial position of a large-scale mode. It is reasonable to assume that W k has a zero mean and a variance equal to that of the velocity field of mode k:
where l = |k|, i = 1, 2, 3 represents the three space coordinates and does not imply summation on repeated index. For small-scales structures, Fung et al. [3] and Lafitte et al. [25] suggest that small-scale vortices are advected by large-scale structures and the mean velocity field. A similar formula as equation (2.16) can be written as follows: where u l represents the large-scale velocity field. For the small-scale basis, equations (2.1), (2.2), (2.3) still hold. However, to predict the right Lagrangian decorrelation process, the basis function Ψ x p ,k is modified to the following shape:
where φ p is a random phase, randomly distributed in the support set of the function ψ((ω k /k 0 )t) with uniform distribution. ω k is a time frequency related to the wavenumber k. Generally, structure with a small wavenumber varies in a slow frequency and vice versa. In the inertial subrange, it is assumed that energy at each wavenumber k is spread over a range of frequency around a characteristic frequency related to the characteristic wavenumber. Thus for each characteristic wavenumber k a random frequency ω k is generated with the following distribution:
where σ ω (k) = (k) = 1/3 |k| 2/3 are the variance and mean of the random frequency ω k [26] (iii) Incompressible condition modification
The system equations (2.1)-(2.3), (2.10) does not satisfy incompressible condition as the result of transformation equation (2.1). Previous SRFMs all suffer this problem. Some modified SRFM could unify divergence-free constraint, anisotropy and inhomogeneity, but they often involve some special parameter, which largely undermines their generality [8, [27] [28] [29] [30] . A slight modification of formulae allows to generate inhomogeneous turbulence field which satisfies divergence-free constraint. The modified formulae are as follows:
The system equations (2.20)-(2.24) is incompressible. Also, it considers the inhomogeneity and isotropy of turbulence field. However, this construction does not preserve full Reynolds stress, only preserves normal Reynolds stress distribution.
(b) Boundary conditions
For a large enough flow domain, the boundary conditions for such turbulence generation have no influence on the inner regions away from the boundary. However, in order to retain flow properties near the boundary, modes near the boundary need to be treated differently. For periodic boundaries (figure 1a), modes on the boundary are separated into different parts and added to the opposite boundaries. Such treatment maintains the exact same velocity value on the opposite boundaries. For no-slip boundaries, modes are restricted to the interior of the domain (figure 1b). In this way, the velocity and second-order moments on the boundary are exactly zero. Also, the characteristic length of modes near the wall boundary is strictly restricted by its distance from the boundary, which automatically creates a damping effect near the boundary. 
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k e is the wavenumber related to the most energetic eddies, could be determined by where d w is the distance to wall. In regions far away from wall, where damping effect is not important, the expression for k e returns to the isotropic von Karman spectrum. Thus a modified expression for k e which considers the wall effect is as follows:
(d) Spatial-spectral decomposition and satisfies the following normalization condition:
This distribution of channel flow ( figure 2) gives a special insight into the energy distribution and flow structure of the turbulence field. For the majority of the flow field, in regions far away from the wall, most of the TKE is concentrated in a very narrow area of spectral space which only contributes a small portion of the computational cost in the simulation. In the turbulent boundary layer near the wall, the distribution of the TKE in spectral space becomes very wide and considerably increases computation costs. Based on the generation method from §2.1, a scale-reduction algorithm is designed to cut off unnecessary computation while still capturing the energetic structures in the flow field. We define the error e representing the energy loss ratio in order to reduce computational cost: The generation process only needs to be applied in a small band of physical-spectral space (figure 2) between Γ 1 and Γ 2 to reconstruct most of the TKE up to an error e.
Numerical results (a) Numerical implementation
The code is implemented in Python language. A file containing spatial distribution of mean velocity, TKE, turbulence dissipation rate and full Reynolds stress need to be specified and used as input file into the code. An interpolator is generated from the input file for the usage of wavelet seeding and advection. Wavelet functions are generated with Pywavelets package. The wavelet modes are randomly initialized in the flow field using the static formulae and advected using the dynamical formulae. Post-process of generated data is conducted using numerical packages of Python(Numpy, Scipy). The generation of isotropic homogeneous turbulence is an important way to validate various properties of turbulence synthesis models. An isotropic homogeneous turbulence case is computed in order to verify the model constructed in the §2. Because the RANS type model cannot compute the k t and of isotropic homogeneous turbulence, such data is obtained from previous DNS results [32] . The spectrum of generated turbulence with different modes and spectrum (figure 3) . The wavenumbers of modes are generated with the following formula [2] :
where k 0 is the first wavenumber of the sequence and d k is a parameter to control the distances between wavenumbers. Another quantity that could be used to examine the spatial structure of the generated turbulence is the structure function defined as follows:
From previous theoretical and experimental research ( [3, 33] , etc.), the second-order structure function has the following form in the inertial subrange:
where C' is a constant. In Fung et al. [3] , the value of C is equal to 1.7. Numerical results of D 11 , D 22 and D 33 are compared with theoretical solutions ( figure 4 ). The energy spectrum results and second-order structural function results indicate that this turbulence generation method gives the right spatial turbulence structure in the homogeneous isotropic cases. The iso-surfaces of the numerical results are shown in figure 5 .
(ii) Time correlation
Eulerian autocorrelation is defined as follows:
Normalized Eulerian autocorrelation can be computed as follows: Eulerian frequency spectrums are defined as the Fourier transform of Eulerian autocorrelation: Fung et al. [3] , Ishihara et al. [33] suggest that for isotropic homogeneous turbulence the Eulerian frequency spectrum in the inertial subrange can be approximated as follows:
where C E = 0.46 is a constant from Ishihara et al. [33] . Results of Eulerian autocorrelation and frequency spectrum are shown in figure 6.
(c) Fully developed turbulent channel flow
The RANS data of the channel flow shown in figure 2 was computed using the Reynolds stress model to obtain the full Reynolds stress and turbulence dissipation rate ( figure 7) . The turbulent boundary layer was fully resolved, including several grid points in the viscous sublayer. These RANS data are used as input data for turbulence generation. The residual of RSM simulation results are provided in table 1. Figure 8 shows the TKE reconstruction at different wavenumbers. It can be observed that most of the TKE was fully reconstructed except for the very high wavenumber case (k = 81.34). Also, for each wavenumber the energy of generated turbulence fluctuation concentrates in a neighbourhood around the wavenumber of specific wavelet basis function, which is a result of equations (2.7) and (2.9). The reconstruction process is done in separated regions because of different time-advance schemes in §2.1.2. For k = 40.00 and k = 81.34, there is a region in which the reconstructed energy is 0. This is due to the fact that the TKE at this wavenumber only contributes to the very small portion of total TKE in this region; thus it is cut off by the algorithm described in §2.4. This portion of the TKE can be accurately reconstructed, but the computation cost will increase significantly and the result does not change much. At very high wavenumbers (figure 8g,h), although the characteristic wavenumber of the wavelet mode is still below Nyquist wavenumber (in this case, k N = 120), some part of the energy of the wavelet mode goes beyond k N , which cannot be captured by the mesh in this case. Figure 9 shows the comparison of the Reynolds stress from the RANS data and the reconstructed Reynolds stress. It can be observed that the reconstructed uu , vv , ww , uv agree with the RANS data. It should be noted that the RANS data used in figure 9 is slightly different from the data in figure 7 . We define the reconstruction ratio as follows: γ represents the part of the TKE that could be resolved for the given mesh. The resolvable Reynolds stress uu γ is defined as follows:
uu γ = γ uu uu γ represents the best approximation to the Reynolds stress given a mesh of Nyquist wavenumber k N . The reconstructed Reynolds stress in figure 9 shows good agreement with uu γ from the RANS data. Iso-contours of three total velocity components U, V, W are shown in figure 10 . Large-scale spatial structures are distributed near the centring line of the channel. Near the wall, turbulence structures get smaller and the damping effect of the boundary starts to dominate. The V and W components are close to 0, with some random fluctuation distributed in the cross-section.
Conclusion and discussion
In this paper, a new method of turbulence generation is proposed and evaluated in both the homogeneous and inhomogeneous turbulence cases. Various properties of the generated isotropic homogeneous turbulence show good agreement with both the input data and the theoretical results, including spatial, spectral and frequency properties. The generated fully developed channel flow shows desired spectral and spatial characteristics for different wavenumbers. Preservation of Reynolds stress for this method is verified through both theoretical deduction and numerical simulation.
Comparison of characteristics of the stochastic wavelet method and SRFM in homogeneous and inhomogeneous turbulence synthesis is listed in table 2. The number of modes of different wavenumbers used in turbulence synthesis with Stochastic Wavelet Model is far smaller than that required by SRFM. Also, this new method could fully preserve normal Reynolds stress as well as incompressibility in inhomogeneous and anisotropic turbulence, which could not be achieved with SRFM. Moreover, the computational cost of the Stochastic Wavelet Model could be largely reduced without much loss of the TKE, leading to far less computation cost in comparison with SRFM.
This method exhibits great potential in both scientific computing research and industrial application. Effective and low-cost inlet boundary generation is important for high-fidelity turbulence simulation (DNS, LES) and has become an important research topic recently. In addition, the interface between the RANS region and the LES region in zonal detached eddy simulation also requires turbulence synthesis from RANS data. The stochastic wavelet method proposed in this paper provides a new approach to synthesize turbulence fluctuation fields with desired spectral and statistical properties other than which are not attainable using traditional SRFM under divergence-free constraint. Also, this method could further be applied to Computer Graphics and the movie industry to generate realistic fluid flows in animations with very low computation cost. x p2 q x p1 ,k 1 q x p2 ,k 2 (O x p1 ,k 1 ) il (O x p2 ,k 2 ) jr lmn rst (ω x p1 ,k 1 ) n (ω x p2 ,k 2 ) t ∂ m Ψ k 1 
For p 1 = p 2 or k 1 = k 2 , (ω x p1 ,k 1 ) n (ω x p2 ,k 2 ) t = 0. Therefore:
Moreover, x p is uniformly distributed in the flow domain; thus the following holds:
By construction (see equation (2.7)), ∂ s Ψ k is symmetric along all three axes and therefore satisfies: where c k is defined in equation (2.12) . Noting that (ω x p ,k ) n (ω x p ,k ) t = δ nt and substituting into the expression for v i v j , we have: 
